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Abstract
We propose a novel gauge-invariant regularization for the perturbative chiral gauge
theory. Our method consists of the two ingredients: use of the domain-wall fermion
to describe a chiral fermion with Pauli-Villars regulators and application of the di-
mensional regularization only to the gauge field. This regularization is implemented
in the Lagrangian level, unlike other gauge-invariant regularizations (eg. the covariant
regularizations). We show that the Abelian (fermion number) anomaly is reproduced
correctly in this formulation. We also show that once we add the counter terms to
the full theory, then the renormalization in the chiral gauge theory is automatically
achieved.
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1
1 Introduction
Chiral gauge theory is one of the most essential theories to describe nature, since the Stan-
dard Model includes the chiral sector SU(2)L × U(1)Y . Among various subjects around it,
its (non-) perturbative regularization has been attracting much interest. It is mainly because
the theory has an anomaly and no regulator exists that maintain the gauge invariance. If
one na¨ıvely regularizes chiral gauge theory by applying the ordinary scheme such as the di-
mensional regularization or Pauli-Villars (PV) regularization, one obtains the anomaly from
one-loop Feynman diagrams. In that case, however, one has to add local finite counter terms
to the action in order to recover the gauge symmetry, even when the theory is free from
anomaly. We call the counter terms the fake anomaly. The computation of the necessary
counter terms is quite complicated in general, and it is natural to ask whether there is some
regularization scheme that yields no fake anomaly. At the level of the one-loop Feynman
diagram, it has been known that the covariant regularizations serve as such schemes. They
are equivalent to regularizations of the change of the fermion measure covariantly [1], and the
diagram gives only the covariant anomaly.1 On the other hand, there is no such formulation
known at the Lagrangian level; the regularized Lagrangian to realize some covariant regular-
ization remains to be constructed. So far it has been partially achieved in various works. For
example, the generalized PV regularization [3] is one of the sophisticated formulation, which
regularizes the chiral gauge theory covariantly as long as the gauge anomaly is absent. It also
reproduces the Abelian anomaly with the correct coefficient [4]. It has been shown that when
one applies the generalized PV regularization, the regularized contribution can be regarded
as a sort of the covariant regularization [5]. However, some improvement is still required since
this scheme fails to regularize the parity-odd contribution.
On the other hand, there is a theory called the domain-wall (DW) fermion [6], where a
chiral fermion is induced from a higher dimensional Dirac fermion with a topological defect
in its mass. Its relationship to the generalized PV regularization was discussed in [7]. The
theories have been thoroughly investigated in the context of the lattice gauge theory [8–22].
In particular, it has been proposed in [17, 18] that the lattice regularization of chiral gauge
theory can be realized by combining the DW fermion and the gradient flow of the gauge
field [23,24].
Although the DW fermion was originally discussed in the context of the lattice gauge
theory, it should be useful to pursue a perturbative formulation as well. In this paper,
we propose a regularization with which no fake anomaly emerges by defining chiral gauge
theory through the DW fermion. The significant point is that the theory is vector-like and its
regularized version is expected to induce chiral gauge theory without fake anomaly. One might
guess that the problem is readily solved by combining the DW fermion with the dimensional
regularization. However, it is not the case for the following reason. For example, consider a
1Although the consistent and covariant anomalies differ by the Bardeen-Zumino current [2], it vanishes when
the theory is free from any gauge anomaly. Therefore one needs no counter term in anomaly-free cases.
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(4+ε+1)-dimensional DW fermion. Since its kinetic term respects the (4++1)-dimensional
Lorentz invariance, the 5-th and ε-th components of loop momenta p and the corresponding
gamma matrices enter the loop integrand as a combination γ5p5 + /pε. It can be rewritten as
γ5(p5 +γ5/pε). Here, γ5 is the chiral operator with respect to the 4-dimensional induced chiral
gauge theory. Because γ5/pε commutes with all the 4-dimensional gamma matrices, we can
replace it with its eigenvalues ±(p2ε)1/2 in each eigenspace to find that the integrand depends
on p5 ± (p2ε)1/2. As a result, pε, the integration over that would lead to the finiteness of
the loop integration in the usual dimensional regularization, is absorbed in the integration
over p5. It leaves the overall loop integration unregularized. In order to circumvent this
difficulty around the dimensional regularization and the DW fermion, we propose the partially
dimensional regularization (PDR), where we apply the dimensional regularization to not all
of field contents. In the case of the DW fermion, the dimensional regularization is applied
only to the gauge field, while fermions are regularized with the PV regularization. As will be
demonstrated in this paper, this PDR might be useful to calculate the effective action.
This paper is organized as follows. In Sec.2, we briefly review the DW fermion and the in-
duced chiral fermion loops on the domain-wall. There the vacuum polarization was discussed
as an explicit example to see how we regularized fermion loops with the PV regularization.
Then in Sec.3, we show that this scheme gives the consistent anomaly in the 2-dimensional
case. In Sec.4, we present how the PDR works as a regularization with an example of the
4-dimensional Yukawa theory. It is shown that the non-conservation of ε-th components of
momenta results in the regularization of loop integrations. This mechanism slightly differs
from the usual dimensional regularization. In Sec.5, we analyze the case where the PDR is
applied to the 5-dimensional DW fermion. In the theory the induced chiral gauge theory is
4-dimensional. We investigate the self-energy of the fermion and discuss the renormalization.
Finally in Sec.6 we give the summary and several open questions.
2 A Brief Review of the Domain-Wall Fermions
Let us have a brief review of some results in our previous work [22], where we have stated
that one can regularize a chiral fermion loop with a sort of PV fields. Although the main
topic of the work was related to the gradient flow, the discussion around the regularization
also holds in the case where the flow is switched off.
Consider the (2d+ 1)-dimensional action for a DW fermion:
S =
∫
d2dp
(2pi)2d
ds
[
ψ¯(−p, s) (i/p+ /A+ γ5∂s − (s)M)ψ(p, s)
+ φ¯(−p, s) (i/p+ /A+ γ5∂s +M)φ(p, s)]
+
∫
d2dp
(2pi)2d
1
4
Fµν(−p)Fµν(p), (1)
3
where we have represented the fields in the momentum space with respect to 2d directions,
and in the coordinate space with respect to the (2d + 1)th direction. We have denoted
the coordinate for this direction as s. ψ is the ordinary DW fermion, while φ is an auxiliary
bosonic spinor field which is necessary for subtracting undesirable bulk contributions. γ5 is the
gamma matrix corresponding to the s-direction, or the chiral operator from the viewpoint of
the 2d-dimensional domain-wall.2 Fµν is a 2d-dimensional gauge field strength, and we define
its couplings to ψ and φ through copying it along the s-direction. It implies A2d+1 = 0. The
propagators for ψ and φ are obtained from the action (1), and are given by
Gψ(p, s, s
′) =

S(+) +D(+) (0 < s, s′)
D(−+) (s < 0 < s′)
D(+−) (s′ < 0 < s)
S(−) +D(−) (s, s′ < 0)
, Gφ(p, s, s
′) = S(−), (2)
where
S±(p, s, s′) =−
[
θ(s− s′)1
2
(
i/p±M√
p2 +M2
− γ5
)
e−(s−s
′)
√
p2+M2
+θ(s′ − s)1
2
(
i/p±M√
p2 +M2
+ γ5
)
e−(s
′−s)
√
p2+M2
]
, (3)
D±(p, s, s′) =∓M i/p
p2
1
2
(
i/p±M√
p2 +M2
± γ5
)
e∓(s+s
′)
√
p2+M2 , (4)
D∓±(p, s, s′) =∓
√
p2 +M2
i/p
p2
γ5
2
(
i/p±M√
p2 +M2
± γ5
)
e±(s−s
′)
√
p2+M2 . (5)
Here S(±) are the usual propagators for (2d+1)-dimensional fermions with their masses ±M .
On the other hand, D(±) and D(∓±) are ones for the massless modes localized on the domain-
wall, as is seen from the factors of exponential. They correspond to the 2d-dimensional chiral
fermion. Using the propagators, the vacuum polarization with an external momentum kµ
(Fig.(1)) is calculated as∫
d2dp
(2pi)2d
∫ +∞
−∞
ds
∫ +∞
−∞
ds′Πµν =
∫
d2dp
(2pi)2d
∫ +∞
0
ds
∫ +∞
0
ds′Πblkµν +
∫
d2dp
(2pi)2d
ΠDWµν , (6)
2Although we consider a (2d+ 1) -dimensional theory we have assigned the subscript “five” to the matrix, since
we would like to eventually describe a four-dimensional chiral gauge theory and the matrix will correspond to the
usual chiral operator.
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pp′ = p− k
k k
s′ s
Figure 1: The diagram of the vacuum polarization involving a fermion loop. Although we compute it
as a (2d+ 1)-dimensional diagram, one can integrate out the s and s′-dependence of the localized mode
to obtain an effectively 2d-dimensional quantity.
where
Πblkµν =Tr[S
(+)γµS
(+)′γν ]− Tr[S(−)γµS(−)′γν ], (7)
ΠDWµν =
∫ 0
−∞
ds
∫ 0
−∞
ds′
{
Tr[D(−)γµD(−)′γν ] + Tr[D(−)γµS(−)′γν ] + Tr[S(−)γµD(−)′γν ]
}
+
∫ 0
−∞
ds
∫ +∞
0
ds′
{
Tr[D(−+)γµD(+−)′γν ]− Tr[S(−)γµS(−)′γν ]
}
+
∫ ∞
0
ds
∫ 0
−∞
ds′
{
Tr[D(+−)γµD(−+)′γν ]− Tr[S(−)γµS(−)′γν ]
}
+
∫ +∞
0
ds
∫ +∞
0
ds′
{
Tr[D(+)γµD
(+)′γν ] + Tr[D(+)γµS(+)′γν ] + Tr[S(+)γµD(+)′γν ]
}
.
(8)
Here the arguments of the factors with primes are (p′, s′, s) with p′ = p−k, while those without
primes are (p, s, s′). ΠDWµν and Πblkµν represent the contributions which is and is not localized
on the domain-wall, respectively. Πblkµν vanishes in the region s < 0, where the massive modes
of ψ and φ cancel each other. Furthermore, one can easily find out that Πblkµν actually vanishes
even in the region s > 0 for the following observation. The parity-even contributions of ψ
and φ to Πblkµν are canceled, since they depend on even powers of M and take the same forms
except for the overall sign. On the other hands, the parity-odd contributions would yield the
Charn-Simons term, which vanishes in our setup where Aµ is independent of s and A2d+1 = 0.
Therefore, one concludes that
Πblkµν ≡ 0. (9)
At the same time, however, ΠDWµν has a contribution of the massive modes S
± as appears in
Eq.(8). It is the result of the interactions to the modes localized on the domain-wall as in
Eq.(8).
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After some calculation we obtain the following result:
ΠDWµν =
1
2
{
Tr
[
i/p
p2
γµ
i/p′
p′ 2
γν
]
− Tr
[
i/p+M
p2 +M2
γµ
i/p′ +M
p′ 2 +M2
γν
]}
+
1
4
Tr
[
i/p
p2
γˆ5 γµ
i/p′
p′ 2
γν
]
+
1
4
Tr
[
i/p
p2
γµ
i/p′
p′ 2
γˆ′5 γν
]
(10)
with
γˆ5 = 2
1−
√
p2 +M2
(√
p2 +M2
√
p′ 2 +M2 +M2
)
√
p′ 2 +M2
(√
p2 +M2 +
√
p′ 2 +M2
)2
 M√
p2 +M2
γ5, (11)
and γˆ′5 being the same expression with p and p′ exchanged. We emphasize that Eq.(10) is a
nontrivial result of the combination and cancellation between terms from each lines in Eq.(8).
In particular, the first line of Eq.(10) contains no root factor such as
√
p2 +M2, and is a
local expression. It is regarded as the parity-even contribution with a single usual PV field.
The leading divergent part is thus eliminated. On the contrary, the second line is highly non-
local expression, and it can be interpreted as fermion loops with a deformed chiral operator
Eq.(11) inserted either of the two vertices. When the loop momentum is sufficiently large,
i.e. p, p′ M , the deformed operator is roughly evaluated as
γˆ5, γˆ
′
5 ∼
M√
p2
γ5. (12)
This means that the second line of Eq.(10) contains a suppression factor of p−1 on the loop
divergence. Moreover, the factor makes it possible to expand the contribution with respect
to M2/p2 and M2/p′ 2, to obtain a series of M with the odd-order. By expanding the entire
ΠDWµν , we obtain the following form:
ΠDWµν =
∑
n≥1
anM
2n Tr[An] +
∑
n≥1
bnM
2n−1 Tr[Bn]. (13)
Here an and bn are numerical coefficients, An andBn are matrices ofO(p
−2n−2) andO(p−2n−1),
respectively. Each of Bn includes one γ, and they represent the parity-odd part. In particular,
in the case of d = 1 and the resulting gauge theory is anomalous, they represent the anomaly.
In order to regularize ΠDWµν , it is sufficient to introduce “PV pairs” and cancel the first
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few terms in Eq.(13). Therefore, the action to consider is
S →
∫
d2dp
(2pi)2d
ds
[
ψ¯(−p, s) (i/p+ /A+ γ5∂s − (s)M)ψ(p, s)
+ φ¯(−p, s) (i/p+ /A+ γ5∂s +M)φ(p, s)
+
m∑
i=1
|Ci|∑
r=1
ψ¯i,r(−p, s)
(
i/p+ /A+ γ5∂s − (s)Mi
)
ψi,r(p, s)
+
m∑
i=1
|Ci|∑
r=1
φ¯i,r(−p, s)
(
i/p+ /A+ γ5∂s +Mi
)
φi,r(p, s)
]
+
∫
d2dp
(2pi)2d
1
4
Fµν(−p)Fµν(p), (14)
where the masses of the additional pairs, ψi,r and φi,r, are denoted as Mi. For each i, all
of ψi,r’s are simultaneously either fermionic or bosonic, and the corresponding φi,r’s follow
the opposite statistics. We have introduced
∑m
i=1 |Ci| PV pairs in total. We take the sign
of an integer Ci positive when ψi,r’s are fermionic. The PV pairs yield the same form of
contributions to the vacuum polarization as the original pair, changing Π
(DW )
µν as
ΠDWµν =
m∑
i=0
Ci
∑
n≥1
anM
2n
i Tr[An] +
∑
n≥1
bnM
2n−1
i Tr[Bn]
 (15)
with M0 = M and C0 = 1. Therefore, the conditions to regularize Π
DW
µν are summarized as
follows:
m∑
i=0
CiMi = M +
m∑
i=1
CiMi = 0,
m∑
i=0
CiM
2
i = M
2 +
m∑
i=1
CiM
2
i = 0,
m∑
i=0
CiM
3
i = M
3 +
m∑
i=1
CiM
3
i = 0,
... (16)
Note that the zeroth-order condition
∑m
i=0Ci = 0 is not necessary because it corresponds
to elimination of the leading divergence, which have been removed automatically in Eq.(10).
Rather, in order to prevent the PV pairs from generating extra massless modes, we require
m∑
i=1
Ci = 0. (17)
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Eqs.(16) and Eq.(17) can be solved with respect to Ci and Mi when we introduce a sufficiently
number of the PV pairs. The most important point of the above analysis is that the parity-
odd part has a non-locally deformed chiral operator, and that it enables us to regularize that
part in the same manner as the ordinary PV regularization. Therefore, we have obtained the
way to regularize the vacuum polarization even in the two-dimensional theory is anomalous.
Note that it works even for the two-dimensional theory with anomaly. The general loop
diagrams are also regularized by Eq.(14).
Finally, we briefly comment on why the present regularization yields the gauge-invariant
result in the anomaly-free case, as mentioned in [22]. If we take the limit M → ∞, Eq.(10)
takes the form of
ΠDWµν →
1
2
Tr
[
i/p
p2
γµ
i/p′
p′ 2
γν
]
+
1
4
Tr
[
i/p
p2
γ5 γµ
i/p′
p′ 2
γν
]
+
1
4
Tr
[
i/p
p2
γµ
i/p′
p′ 2
γ5 γν
]
=
1
2
(
Tr
[
i/p
p2
1 + γ5
2
γµ
i/p′
p′ 2
γν
]
+ Tr
[
i/p
p2
γµ
i/p′
p′ 2
1 + γ5
2
γν
])
. (18)
Note that if one regularizes Eq.(18), it is regarded as a covariant regularization, a prescription
where one regularizes one-loop diagrams with only one projection operator inserted at some
vertex. Then it is natural that the regularized theory Eq.(14) gives the gauge-invariant
parity-even part. Note that Eq.(18) includes the average over the points where the projection
operator is inserted. The bose symmetry is thus automatically maintained. These facts imply
that the theory has no fake anomaly.3 However, as is mentioned above, the form of Eq.(10)
has been obtained as the result of all the relevant calculation (integration over s-direction,
combination and cancellation of the terms). Although the DW fermion indeed realizes a good
regularization, the relationship to the covariant regularizations still remains to be figured out.
3 Chiral Anomaly
As is well known, chiral gauge theory has the abelian anomaly (fermion number anomaly).
In this section, we derive the anomaly in our regularization. We find that the gauge invariant
fermion number current is defined as
Jµ(x) ≡
∫
ds
[
ψ¯(x, s)γµψ(x, s) + φ¯(x, s)γµφ(x, s)
+
m∑
i=1
|Ci|∑
r=1
[
ψ¯i,r(x, s)γµψi,r(x, s) + φ¯i,r(x, s)γµφi,r(x, s)
] ]
, (19)
which is the Noether current for the U(1) rotation of the DW fermion, subtracting field, and
all the regulator fields. We will show that this current reproduces the correct anomaly.
3The present regularization is specifically interesting because it regularizes the parity-even part by PV regular-
ization, while it deforms non-locally the parity-odd part with the same PV mass.
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γµ Aν
Figure 2: A diagram representing the anomalous current
3.1 Evaluation of anomaly
In the following, we evaluate the expectation value of the current Eq.(19) in the presence of
the background gauge field Aµ. We focus on the case of the two-dimensional Abelian chiral
gauge theory. In this case, we need not introduce the PV pairs because the only divergent
part in the fermion loop is already subtracted with φ.
The Feynman diagram corresponding to the current is shown in Fig.2. This expectation
value can be expressed in terms of the vacuum polarization Eq.(6) as follows:
〈Jµ(k)〉A =
∫
d2p
(2pi)2
∫
ds
∫
ds′ ΠµνAν(k) (20)
=
∫
d2p
(2pi)2
ΠDWµν Aν(k). (21)
Recall that Πblkµν vanishes as stated in the previous section. Using the fact that the parity-even
part of ΠDWµν is transverse, the divergence of the current is expressed as
kµ 〈Jµ〉A =
∫
d2p
(2pi)2
kµΠ
DW
µν Aν (22)
=
1
4
Aν
∫
d2p
(2pi)2
Tr
[
1
i/p
γˆ5/k
1
i/p′
γν +
1
i/p
/k
1
i/p′
γˆ5
′γν
]
(23)
=
−1
4
Aν
∫
d2p
(2pi)2
(f(p, p′) + f(p′, p))Tr
[(
1
/p
− 1
/p′
)
γ5γν
]
, (24)
where
f(p1, p2) ≡ 2
1−
√
(p1)2 +M2
(√
(p1)2 +M2
√
(p2)2 +M2 +M
2
)
√
(p2)2 +M2
(√
(p1)2 +M2 +
√
(p2)2 +M2
)2
 M√
(p1)2 +M2
.
(25)
By expanding f as
f(p, p′) ∼ f(p′, p) ∼ 2
(
3
4
− M
2
4(p2 +M2)
)
M√
p2 +M2
+O(k2/M2) (26)
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and taking the limit k2/M2 → 0, we obtain∫
d2p
(2pi)2
kµΠ
DW
µν → −
∫
d2p
(2pi)2
(
3
4
− M
2
4(p2 +M2)
)
M√
p2 +M2
Tr
[(
1
/p
− 1
/p′
)
γ5γν
]
(27)
=
∫
d2p
(2pi)2
(
3
4
− M
2
4(p2 +M2)
)
M√
p2 +M2
Tr
[
/p′
p′2
γ5γν
]
. (28)
Here the term propotional to 1//p has vanished in the last line because it is odd in p.
By using the Feynman parametrization
1
[p2 +M2]n
1
p′2
= n
∫ 1
0
dx
(1− x)n−1
[(1− x)(p2 +M2) + x(p− k)2]1+n (29)
for n = 12 and
3
2 , Eq.(28) can be rewritten as the following expression:
3M
8
∫
d2q
(2pi)2
∫ 1
0
dx
(
(1− x)− 12
[q2 + ∆]3/2
− M
2(1− x) 12
[q2 + ∆]5/2
)
Tr
[
/p
′γ5γν
]
(30)
with
q ≡ p− xk, ∆ ≡ x(1− x)k2 + (1− x)M2. (31)
Its integration over q leads to the following form:
3M
16pi
Tr [/kγ5γν ]
∫ 1
0
dx
[(
1− x
∆
) 1
2
− M
2
3
(
1− x
∆
) 3
2
]
(32)
→ − 1
4pi
M
|M |kµµν (as k/M → 0). (33)
The resulting expression for the divergence of the current is
〈kµJµ〉A =
−1
4pi
M
|M |µνkµAν(k). (34)
Thus, we have obtained the gauge invariant form of the fermion number anomaly with the
correct normalization.4 From Eq.(34), it can be seen that the signature of M corresponds to
the chirality of the chiral fermion.
3.2 Comments on Eq.(34)
We give three comments on the anomaly Eq.(34). Firstly, because we have considered the
Abelian case, the fermion number current takes the same form as the gauge current does. In
4The coefficient 14pi shows that it is the consistent anomaly. It would be replaced with
1
2pi if it were the covariant
one. It is interesting that the result is consistent one although our regularization is related to the covariant
regularization as in Eq.(18).
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non-Abelian cases, the former is defined also by Eq.(19). On the other hand, the latter would
be defined as
Jaµ(x) ≡
∫
ds
[
ψ¯(x, s)γµt
aψ(x, s) + φ¯(x, s)γµt
aφ(x, s)
+
m∑
i=1
|Ci|∑
r=1
[
ψ¯i,r(x, s)γµt
aψi,r(x, s) + φ¯i,r(x, s)γµt
aφi,r(x, s)
] ]
. (35)
Here ta is the hermitian generator in the representation of the fermion multiplet. This would
reproduce the consistent gauge anomaly in general dimensions.
Secondly, let us consider why the correct fermion number anomaly has been derived in
our regularization. Because the regularized Lagrangian Eq.(14) is invariant under the U(1)
rotation, the corresponding current Jµ seems to be conserved even at the quantum level.
However, it is not the case. In order to see this, let the gauge field evolve slowly in the
s-direction. It can be realized by, for example, the gradient flow:
∂sAµ = −ξ (s)
M
δS[A]
δAµ
, (36)
where ξ is a flow parameter and ξ = 0 corresponds to switching off the flow. In this situation
(ξ 6= 0), the parity-odd part of Πblkµν in Eq.(21) does not vanish but contributes as the parity
anomaly. Thus Eq.(34) must be replaced by
〈kµJµ〉A =
−1
4pi
M
|M |µνkµAν(k, s = 0) +
2M
|M |
∫ ∞
0
ds kµ
δSCS
δAµ(k, s)
, (37)
where SCS is the three-dimensional Chern-Simons action. The second term in Eq.(37) can
be rewritten as a surface term:
2M
|M |
∫ ∞
0
ds kµ
δSCS
δAµ(k, s)
=
[−1
4pi
M
|M |µνkµAν(k, s)
]s=∞
s=0
. (38)
The contribution at s = 0 is canceled by the first term in Eq.(37) (See Ref. [25].) and thus
we obtain
〈kµJµ〉A =
−1
4pi
M
|M |µνkµAν(k, s =∞). (39)
Because the gauge field becomes pure gauge at s = ∞, this quantity vanishes and then the
current is conserved. In our case (ξ → 0), however, Aµ does not evolve: Aµ(k, s = ∞) =
Aµ(k). Thus Eq.(39) does not vanish and is equal to the previous result Eq.(34), which has
been obtained by setting Πblkµν = 0 from the beginning. Consequently, we can understand the
origin of the anomaly as follows. In the three-dimensional region except for the boundary,
the current is conserved as seen from the regularized Lagrangian. However, this system is
not closed under the condition Aµ(x, s) = Aµ(x), and thus the current flows out to the
11
infinity in s-direction. In the view point of the chiral mode on the domain-wall, this current
non-conservation is seen as the anomaly.5
Finally, let us consider another definition of the fermion number current. Naively, in the
ordinary 2n-dimensional system consisting of one chiral fermion, the U(1) current
ψ¯LγµPLψL (40)
seems to be equal to the chiral U(1) current
ψ¯Lγ5γµPLψL. (41)
Therefore, it appears that in our regularization we can define the fermion number current
alternatively as
J5µ(x) ≡
∫
ds
[
ψ¯(x, s)γ5γµψ(x, s) + φ¯(x, s)γ5γµφ(x, s)
+
m∑
i=1
|Ci|∑
r=1
[
ψ¯i,r(x, s)γ5γµψi,r(x, s) + φ¯i,r(x, s)γ5γµφi,r(x, s)
] ]
. (42)
However, this is not the case, since the regularized Lagrangian is not invariant under the
transformation ψ → eiαγ5ψ. Indeed one can check that the divergence of this current differs
from Eq.(34) by both parity-odd and even terms.
4 Partially Dimensional Regularization –Example–
In this section, we propose the PDR as a novel useful regularization and demonstrate how
it works. Let us consider the 4D Yukawa theory as an example. Here we assume that the
fermion is regularized by the ordinary PV fields. The PDR changes the spacetime dimension
of the scalar field from 4 to (4 + ) while keeping the fermion in the 4-dimensional space. We
will show that the two parameters, the PV mass and , play the roles of the ultraviolet (UV)
cutoffs and regularize all the UV divergences in the theory. In Sec.5, we will apply the PDR
to the gauge sector in chiral gauge theory.
5When one considers a finite size system (−L < s < L) and imposes the periodic boundary condition, the
current is conserved because another chiral fermion will be induced on the anti-domain wall s = L that absorbs the
flowing-out current .
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4.1 Yukawa theory
The regularized action is given by6
S =
∫
d4+x
[
1
2
(∂µφ(x, x))
2 +
µ2
2
(φ(x, x))
2 +
λ
4!
(φ(x, x))
4
]
+
∫
d4x ψ¯(x)
[
/∂ −m+ gφ(x, 0)]ψ(x), (43)
where x denotes the -dimensional coordinate. Note that we have omitted the PV fields for
the fermion. In this system, the fermion ψ(x) lives on the 4-dimensional brane embedded in
the (4 + )-dimensional space, x = 0, while the scalar lives in the (4 + )-dimensional space.
From the Lagrangian Eq.(43), we obtain the Feynman rules as follows:
ψ(x)ψ¯(y) =
∫
d4p
(2pi)4
eip·(x−y)
1
i/p−m, (44)
φ(x, x)φ(y, y) =
∫
d4+k
(2pi)4+
eik·(x−y)+ik(x−y)
1
k2 + (k)2 + µ2
, (45)
kˆ(1) kˆ(2)
kˆ(3) kˆ(4)
= −λ δ(4+)(kˆ(1) + kˆ(2) + kˆ(3) + kˆ(4)), (46)
p(1) p(2)
(k, k)
= −g δ(4)(p(1) − p(2) + k). (47)
Here kˆ denotes the (4 + )-dimensional momentum, i.e. kˆ = (k, k), and we have written
explicitly the δ-functions enforcing the conservation of momentum. Note that at the Yukawa
vertex, Eq. (47), the δ-function is only for the 4-dimensions, and hence the -dimensional
momentum k of the scalar φ(kˆ) is not conserved.
6We denote the Dirac fermion and scalar field by ψ(x) and φ(x, x), respectively, only in this section. The reader
should not confuse them with the DW fermion and the subtracting field.
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(k, k)
p(1)
p(2) p(4)
p(3)
Figure 3: A diagram including a scalar internal line with the Yukwa vertices at the ends
Under the above rules, we have to pay a special attention when dealing with a diagram
including an internal scalar line with the Yukawa vertices at the ends. As an example, let us
consider a diagram shown in Fig.3. The -dimensional momentum k flows along the scalar
line but does not along the fermion ones. In the Fourier space, the internal line gives∫
dk
(2pi)
1
k2 + (k)2 + µ2
. (48)
The integral over k appears because it is not constrained by any δ-functions. Carrying out
the integral, we obtain
Γ(1− /2)
(4pi)/2
1
[k2 + µ2]1−/2
. (49)
The exponent (1 − /2) in the denominator plays a role of regularization for loop diagrams,
as will be seen in the next subsection.
4.2 One-loop calculation
We show that how our method can regularize the divergences in the one-loop diagrams.
Clearly, diagrams consisting of only the scalar lines, which are shown in Fig.4, are regularized
in the same manner as in the ordinary dimensional regularization. On the other hand, a
fermion loop, shown in Fig.5, is regularized by the PV fields 7. Therefore, what we are
interested in is ones involving both the scalar and fermion internal lines. (See Fig.6.)
Let us consider the fermion self-energy diagram Fig.6(a), which we denote by Σ(p). Using
7Note that the -dimensional momentum in the external φ lines is not conserved, that is k 6= k′, because the
Yukawa vertex conserves momentum only in the 4-dimensions. However, this does not affect the unitarity as the
cutoff is removed (→ 0).
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Figure 4: One-loop diagrams consisting of only the scalar lines
p
p′ = p− k
(k, k) (k, k
′
)
Figure 5: A fermion loop diagram
p p− k
(k, k)
(a) Fermion self-energy Σ(p)
(k, k)
(l, l)p p+ k
(b) Yukawa vertex correction Γ(p, k)
Figure 6: One-loop diagrams including both of the scalar and fermion internal lines
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Eq.(49), we have
Σ(p) = g2
∫
d4k
(2pi)4
1
i(/p− /k)−m
Γ(1− /2)
(4pi)/2
1
[k2 + µ2]1−/2
(50)
= −g2Γ(1− /2)
(4pi)/2
∫
d4k
(2pi)4
i(/p− /k) +m
(p− k)2 +m2
1
[k2 + µ2]1−/2
. (51)
Its integration over k leads to the following expression:
Σ(p) = −g2 Γ(−/2)
(4pi)2+/2
∫ 1
0
dx x−/2
[
i(1− x)/p+m
]
(∆′)/2 (52)
with
∆′ ≡ x(1− x)p2 + xm2 + (1− x)µ2. (53)
Here x is the Feynman parameter. This expression Eq.(52) is finite as long as 0 <  < 2,
and thus the UV divergence is regularized in our model. Furthermore, one can check that its
difference from the result in the ordinary dimensional scheme is finite constants.
Next, we investigate the other diagram (Fig.6(b)), which is the one-loop vertex correction
Γ(p, k). Using Eqs.(44)–(47) and (49), we have
Γ(p, k) = g3
∫
d4l
(2pi)4
1
i(/p− /l + /k)−m
1
i(/p− /l)−m
Γ(1− /2)
(4pi)/2
1
[l2 + µ2]1−/2
. (54)
After some calculation, we obtain the following result:
Γ(p, k) =
g3
16pi2
∫
xyz
(
−2
(4zpi)/2
Γ(−/2)(∆′′)/2 +
[
i(z/p+ (1− x)/k) +m
] [
i(z/p− x/k) +m
]
∆′′
)
(55)
with ∫
xyz
≡
∫ 1
0
dx
∫ 1
0
dy
∫ 1
0
dz δ(x+ y + z − 1), (56)
∆′′ ≡ x(1− x)(p+ k)2 + y(1− y)p2 − 2xy(p+ k) · p+ (x+ y)m2 + zµ2. (57)
Also in this case, the UV divergence is controlled thanks to .
Thus, the combination of the PDR and the PV regularization can regularize all the one-
loop divergences. It is obvious that this is also true about higher-order loop diagrams. Note
that the PDR is essentially as a sort of the analytic regularization [26–28], since the integration
over kε gives k of the fractional power.
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5 PDR for Chiral Gauge Theory
In Sec.2 and 3, we have regularized the fermion sector only. For practical calculations,
however, we must also regularize the gauge sector. In this section, we apply the PDR to the
gauge sector while keeping the DW fermion on the 5-dimensional space. After that, we will
show that all the one-loop UV divergences are regularized by the combination of the PDR
and the PV regularization, and that they can be renormalized by local counter terms. For
simplicity, we consider the case where the resulting physical theory is 4-dimensional.
5.1 The regularized model
Firstly, we replace the 4-dimensional gauge field Aµ(x) in Eq.(14) with the (4+)-dimensional
one AM (x, x). Here x and x are the coordinates of the 4-dimensional and -dimensional
space, respectively, and the lower index M runs from 1 to 4 + . Next, we extend the gauge
field in the s-direction, and thus the gauge field lives in the (4 +  + 1)-dimensional space.
Note that it is independent of s, that is AM (x, x, s) = AM (x, x). Furthermore, we set
the (4 +  + 1)th component of the field to 0: A4++1 = 0. On the other hand, the DW
fermion (and all the regulator fields) live on the 5-dimensional brane x = 0 embedded in the
(4 + + 1)-dimensional space. Therefore, the regularized action of this system is given by the
following equation:
Sreg =
∫
d4xds ψ¯
[
/D + γ5∂s −M(s)
]
ψ +
∫
d4xds φ¯
[
/D + γ5∂s +M
]
φ
+
m∑
i=1
|Ci|∑
r=1
∫
d4xds ψ¯i,r
[
/D + γ5∂s −M(s)
]
ψi,r
+
m∑
i=1
|Ci|∑
r=1
∫
d4xds φ¯i,r
[
/D + γ5∂s +M
]
φi,r
+
1
4g2
∫
d4+x tr(FMN (x, x))
2, (58)
with
Dµ = ∂µ − iAµ(x, 0) (µ = 1, · · · , 4). (59)
Fig.7 shows this model in the coordinate space.
In terms of Gψ and Gφ that have been defined by Eqs.(2)-(5), the Feynman rules are
expressed as follows:
ψ(x, s)ψ¯(y, s′) =
∫
d4p
(2pi)4
eip·(x−y) Gψ(p, s, s′) (60)
φ(x, s)φ¯(y, s′) =
∫
d4p
(2pi)4
eip·(x−y) Gφ(p, s, s′) (61)
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sxε
ψ, φ,
AM
ψi,r, φi,r
DW
Figure 7: The set up of our model Eq.(58) in the coordinate space. ψ’s and φ’s live on the (4 + 1)-
dimensional brane xε = 0 (solid brane). Their massless modes are localized on the 4-dimensional
domain-wall (the thick line). On the other hand, AM is defined as the gauge field on the (4 + ε)
dimensional brane s = 0 (the dotted brane), and it is duplicated along the s-direction.
Aaµ(x, x)A
b
ν(y, y) =
∫
d4+
(2pi)4+
eik·(x−y)+ik·(x−y)
δabδµν
k2 + k2
(Feynman gauge) (62)
p(1) p(2)
(k, k)
a, µ
= −igtaγµδ(4)(p(1) + p(2) + k), (63)
Here we have written explicitly the delta-functions enforcing momentum conservation. We
also have the gauge boson’s three- and four-point vertices which are the same form as in the
ordinary dimensional regularization. Note that the -dimensional momentum is not conserved
at the gauge-fermion coupling. This situation is similar to the the Yukawa theory in the
previous section.
Before calculating the one-loop diagrams, let us consider a diagram containing an internal
line of Aµ with the gauge-fermion vertices at the ends. Similarly to the previous section, the
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Figure 8: The gauge boson one-loop diagrams
internal line gives ∫
dk
(2pi)
δµνδ
ab
k2 + (k)2
=
Γ(1− /2)
(4pi)/2
δµνδ
ab
(k2)1−/2
. (64)
The exponent (1− /2) plays a role of regularization as in Sec.4.
5.2 One-loop calculation
Firstly, we consider the gauge boson loop diagrams and the fermion loop diagram (See Fig.8
and Fig.9). It is obvious that the UV divergences of the former are regularized and renor-
malized to the (4 + )-dimensional gauge kinetic term as in the ordinary dimensional scheme.
The latter are regularized by the subtracting field and the PV pairs as in Sec.2. Here note
that the -dimensional momenta in the external gauge boson lines are not conserved: k 6= k′
because only 4-dimensional momentum is conserved at the fremion-fermion-gauge boson ver-
tex. Therefore the UV divergence is renormalized by the 4-dimensional local counter term
δg
∫
d4x tr(Fµν)
2. (65)
This term has the (4 + ε)-dimensional gauge invariance even when ε is finite, and does not
cause any problem in the limit ε→ 0.
Next, we consider the DW fermion’s self-energy diagram (Fig.10). This diagram induces
radiative corrections to the massless and the bulk propagators because the external lines
contain the both modes. Obviously, it is not easy to investigate what counter terms are
necessary. Therefore, we adopt the following strategy. We start with analyzing the self-
energy in the region far from the domain wall, i.e. s  M−1, where the massless mode is
suppressed and only the bulk modes remain in the diagram. Furthermore, the argument of
renormalization is parallel to the ordinary 4-dimensional Dirac fermion because the gauge field
does not vary in the s-direction. After that, we consider the case that M is large compared
with the external momentum. This limit is equivalent to focusing on the correction to the
massless propagator. As will see below, the counter terms that are necessary for the bulk
modes in the region sM−1 are sufficient to renormalize the massless mode.
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pp′ = p− k
(k, k) (k, k)
Figure 9: The vacuum polarization diagram
p p
s t
(k, k)
p′ = p− k
Figure 10: The fermion self-energy diagram
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For s  M−1, we can evaluate the diagram in the 5-dimensional Fourier space because
the propagator of the bulk modes are translation invariant. Noting that the momentum of
the gauge field does not have the 5-th component, we have∫
d4k
(2pi)4
(iγµt
a)
1
i(/p− /k) + iγ5p5 −M (iγνt
b)
Γ(1− /2)
(4pi)/2
δµνδ
ab
(k2)1−/2
(66)
= (ig)2tata
Γ(1− /2)
(4pi)/2
∫
d4k
(2pi)4
2i(/p− /k)− 4M ′
(p− k)2 + |M ′|2
1
(k2)1−/2
(67)
with
M ′ ≡ −iγ5p5 +M. (68)
Here we have denoted the 5-th component of momentum of the fermion by p5 . Note that the
expression (67) seems to be the self-energy in the 4-dimensional theory with the effective mass
M ′. Therefore it is obvious that the UV divergences can be renormalized by the ordinary
procedure in the 4-dimensions. In order to obtain the counter terms that eliminate the UV
divergences, we expand Eq.(67) by p:
(ig)2tata
Γ(1− /2)
(4pi)/2
∫
d4k
(2pi)4
2
(k2)1−/2
×[−i/k − 2M ′
k2 + |M ′|2 +
i/p
k2 + |M ′|2 +
−2i/k − 4M ′
(k2 + |M ′|2)2 p · k +O(p
2)
]
. (69)
We concentrate on the UV divergent terms and obtain
(ig)2tata
Γ(1− /2)
(4pi)/2
∫
d4k
(2pi)4
1
(k2)1−/2
[ −4M ′
k2 + |M ′|2 + i/p
k2
(k2 + |M ′|2)2
]
. (70)
After some calculation, we obtain the following expression:
(ig)2tata Γ(−/2)
[
−M ′
4pi2
∫ 1
0
dx
(
x|M ′|2
4pi(1− x)
)/2
+
i/p
8pi2
∫ 1
0
dx x
(
x|M ′|2
4pi(1− x)
)/2]
(71)
→ (ig)2tata Γ(−/2)
[−M ′
4pi2
+
i/p
16pi2
]
(as → 0). (72)
It can be seen that the UV divergences are regularized by  as in Sec.4. Consequently, the
necessary counter terms are found to be 8∫
d4x
∫
s>0
ds ψ¯
[
δZ /∂ − δMM ′
]
ψ, (73)
8The difference between the coefficients of /∂ and γ5∂s reflects the lack of the 5-dimensional Lorentz invariance.
On the other hand, γ5∂s and M share the same coefficient because they are regarded as the effective mass in the
4-dimensions.
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s′ t′p p
s t
(k, k)
p′ = p− k
Figure 11: The fermion self-energy diagram with external legs
where
δZ =
(ig)2tata
8pi2
1

, (74)
δM =
(ig)2tata
2pi2
1

. (75)
Note that Eqs.(74) and (75) are mass-independent renormalizations. In particular, the mass
is renormalized multiplicatively. Therefore, we expect that Eqs.(74) and (75) hold even if the
mass M depends on s: ∫
d4x
∫
ds ψ¯
[
δZ /∂ + δM (γ5∂s −M(s))
]
ψ. (76)
In other words, these counter terms would also be sufficient to renormalize the UV divergences
of the massless mode.
Let us check this point. In order to focus on the self-energy of the massless mode, we
attach the external legs to it (See Fig.11) and take the limit M  p. In this situation, the
external propagators Gψ(p, s, s
′) and Gψ(p, t′, t) reduce to
Gψ(p, t
′, t)→ − i/pM
p2
PR e
−(|t|+|t′|)|M | (77)
Gψ(p, s, s
′)→ − i/pM
p2
PR e
−(|s|+|s′|)|M | = −PL
i/pM
p2
e−(|s|+|s
′|)|M |, (78)
where we have assumed M > 0. (For M < 0, the chirality projection should be replaced with
PL.) Eqs.(77) and (78) are nothing but the propagators of the chiral fermion localized on
the domain wall. Because the self-energy is put between PR and PL, we can drop the terms
except for those proportional to /p− /k. This means that no additional mass counter terms for
the massless mode are needed, and hence we can focus on the wave function renomalization.
We evaluate the self-energy part keeping the 5-th coordinate in the real space as follows:
Γ(1− /2)
(4pi)/2
∫
d4k
(2pi)4
∫
dsdt (ig)2tata
1
(k2)1−/2
γµGψ(p− k, t, s)γµ e−(|s|+|t|)M . (79)
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Substituting Eqs.(2)-(5) into the internal propagator Gψ(p−k, t, s)9 and using the symmetry
under the reflection s↔ −s, t↔ −t, we obtain the following expression:
(ig)2tata
2Γ(1− /2)
(4pi)/2
∫
d4k
(2pi)4
1
(k2)1−/2[∫ ∞
0
ds
∫ ∞
0
dt
i/p′M(
√
p′2 +M2 +M)
p′2(
√
p′2 +M2)
e−(s+t)(
√
p′2+M2+M)
+
∫ ∞
0
ds
∫ ∞
s
dt
i/p′√
p′2 +M2
e−t(
√
p′2+M2+M)−s(M−
√
p′2+M2)
+
∫ ∞
0
dt
∫ ∞
t
ds
i/p′√
p′2 +M2
e−s(
√
p′2+M2+M)−t(M−
√
p′2+M2)
+
∫ ∞
0
ds
∫ 0
−∞
dt
i/p′(
√
p′2 +M2 −M)
p′2
e−(s−t)(
√
p′2+M2+M)
]
. (80)
Here, the first and fourth terms come from the massless mode in Gψ(p − k, t, s) while the
second and third ones from the bulk modes. Note that the latter also contribute to the wave
function renormalization of the massless mode. Carrying out the integrals over s and t, we
obtain a simple result:
−2g2
M
tata
Γ(1− /2)
(4pi)/2
∫
d4k
(2pi)4
1
(k2)1−/2
i/p′
p′2
=
−g2
8pi2M
tata i/p
∫ 1
0
dx (1− x)
(
(1− x)p2
4pi
)/2
Γ(−/2). (81)
The divergent term in Eq.(81),
−(ig)
2tata
8pi2M
i/p
1

, (82)
can be renormalized by the counter term Eq.(76). Indeed, putting the counter term between
the external legs and integrating over s, we obtain∫
ds δZ i/p e
−2|s|M =
(ig)2tata
8pi2M
i/p
1

, (83)
which cancels the UV divergent term Eq.(82).
Thus, we conclude that the UV divergences in the DW fermion self-energy can be renor-
malized by the counter term Eq.(76). It is easy to check that the vertex correction diagram
would be renormalized in the same manner:∫
d4x
∫
ds δ′Zψ¯(x, s) /A(x, x = 0)ψ(x, s). (84)
9Note that one cannot take the same limit as Eqs.(77) and (78) for the internal propagator because the momentum
in the internal line should be integrated.
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6 Summary
In this paper we have proposed a regularization that incorporates with the DW fermion.
It regulates fermion loops by introducing the PV pairs, and regulates the other loops by
applying the PDR. By considering three-dimensional theory, we have explicitly shown that
the regularization works both in parity-even and odd parts, and obtained the correct Abelian
anomaly in the two dimensional chiral gauge theory. It is a good regularization of chiral gauge
theory on the DW since it produces no fake anomaly. A significant point of this formulation
is that it is given at the Lagrangian level, that is, the theory is well-defined from the starting
point, and we need not introduce counter terms to recover the gauge symmetry. Furthermore,
our regularization might provide a rather easy method for the explicit calculation of loop
corrections. We also have investigated the renormalization of the DW fermion. There we
have checked that once we add the counter terms to the full theory, then the renormalization
of the massless mode is automatically achieved.
One of the open questions is the underlying connection between the DW fermion and
the covariant regularizations. While the DW fermion with the PV pairs appears to be a
sort of the covariant regularization as in Eq.(18), the normalization factor implies that the
obtained anomaly is the consistent one, rather than the covariant one. Detailed analysis
is required in order to understand whether and how the regularization of the DW fermion
leads to the chiral gauge theory with no fake anomaly. We have discussed it based only on
the concrete computation and the observation in the two-dimensional vacuum polarization.
Through the investigation into the general fermion loops, it is possible to construct a simpler
theory without fake anomaly. As for the renormalization, in this paper, we have examined
the above statements by explicit calculations in the one-loop level. Although we expect that
Eq.(76) holds to all orders in the perturbation, it is important to have a general theory of the
renormalization in the presence of a space-dependent mass. Finally, we stress that the PDR
is applicable to general field theories. It is interesting to apply the PDR to the theories where
one has a difficulty in adopting the ordinary dimensional regularization in some sectors.
Acknowledgement
We thank Y. Kikukawa for valuable comments. The work of YH (KS) is supported by the
Grant-in-Aid for JSPS Research Fellow, Grant Number 18J22733 (17J02185).
References
[1] K. Fujikawa, Phys. Rev. Lett. 42, 1195 (1979).
[2] W. A. Bardeen and B. Zumino, Nucl. Phys. B 244, 421 (1984)
[3] S. A. Frolov and A. A. Slavnov, Phys. Lett. B 309, 344 (1993).
24
[4] S. Aoki and Y. Kikukawa, Mod. Phys. Lett. A 8, 3517 (1993) [hep-th/9306067].
[5] K. Fujikawa, Nucl. Phys. B 428, 169 (1994) [hep-th/9405166].
[6] D. B. Kaplan, Phys. Lett. B 288, 342 (1992) [hep-lat/9206013].
[7] R. Narayanan and H. Neuberger, Phys. Lett. B 302, 62 (1993) [hep-lat/9212019].
[8] R. Narayanan and H. Neuberger, Nucl. Phys. B 412, 574 (1994) [hep-lat/9307006].
[9] R. Narayanan and H. Neuberger, Phys. Rev. Lett. 71, no. 20, 3251 (1993) [hep-
lat/9308011].
[10] S. Aoki and H. Hirose, Phys. Rev. D 49, 2604 (1994) [hep-lat/9309014].
[11] A. A. Slavnov, Phys. Lett. B 319, 231 (1993) [hep-lat/9308016].
[12] V. Furman and Y. Shamir, Nucl. Phys. B 439, 54 (1995) [hep-lat/9405004].
[13] Y. Shamir, Nucl. Phys. B 406, 90 (1993) [hep-lat/9303005].
[14] M. F. L. Golterman, K. Jansen, D. N. Petcher and J. C. Vink, Phys. Rev. D 49, 1606
(1994) [hep-lat/9309015].
[15] Y. Kikukawa, Phys. Rev. D 65, 074504 (2002) [hep-lat/0105032].
[16] H. Fukaya, T. Onogi, S. Yamamoto and R. Yamamura, PTEP 2017, no. 3, 033B06
(2017) [arXiv:1607.06174 [hep-th]].
[17] D. M. Grabowska and D. B. Kaplan, Phys. Rev. Lett. 116, no. 21, 211602 (2016)
[arXiv:1511.03649 [hep-lat]].
[18] D. M. Grabowska and D. B. Kaplan, Phys. Rev. D 94, no. 11, 114504 (2016)
[arXiv:1610.02151 [hep-lat]].
[19] H. Makino and O. Morikawa, PTEP 2016 (2016) no.12, 123B06 [arXiv:1609.08376 [hep-
lat]].
[20] H. Makino, O. Morikawa and H. Suzuki, PTEP 2017 (2017) no.6, 063B08
[arXiv:1704.04862 [hep-lat]].
[21] K.-I. Okumura and H. Suzuki, PTEP 2016 (2016) no.12, 123B07 [arXiv:1608.02217
[hep-lat]].
[22] Y. Hamada and H. Kawai, PTEP 2017, no. 6, 063B09 (2017) [arXiv:1705.01317 [hep-
lat]].
[23] M. Lscher, JHEP 1008 (2010) 071 Erratum: [JHEP 1403 (2014) 092] [arXiv:1006.4518
[hep-lat]].
[24] M. Luscher and P. Weisz, JHEP 1102 (2011) 051 [arXiv:1101.0963 [hep-th]].
[25] C. G. Callan, Jr. and J. A. Harvey, Nucl. Phys. B 250, 427 (1985).
[26] E. R. Speer, J. Math. Phys. 9, 1404 (1968).
25
[27] J. Westwater, Fortschr. Physik 17, I (1969).
[28] E. R. Speer, Commun. Math. Phys. 23, 23 (1971) Erratum: [Commun. Math. Phys. 25,
336 (1972)].
26
